Type IIB Random Superstrings by Oda, S. & Yukawa, T.
ar
X
iv
:h
ep
-th
/9
90
32
16
v2
  8
 A
pr
 1
99
9
KEK-TH-618
March 1999
Type IIB Random Superstrings
Satsuki Oda † and Tetsuyuki Yukawa ‡,§
† Nara Women’s University, Nara 630-8506, Japan
‡ Coordination Center for Research and Education,
The Graduate University for Advanced Studies,
Hayama-cho, Miura-gun, Kanagawa 240-0193, Japan
§ High Energy Accelerator Research Organization (KEK),
Tsukuba, Ibaraki 305-0801, Japan
Abstract
We consider random superstrings of type IIB in d-dimensional space. The
discretized action is constructed from the supersymetric matrix model, which
has been proposed as a constructive definition of superstring theory. Our
action is invariant under the local N = 2 super transformations, and doesn’t
have any redundant fermionic degrees of freedom.
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Recent remarkable developments in superstring theory are mostly due to duality
and the D-brane [1]. They shed light on the universal framework of the theory as
well as on its non-perturbative face. Following these discoveries, constructive defi-
nitions of superstring were proposed [2, 3], which provide practical prescriptions of
how to proceed beyond perturbative limits. Those theories are expressed on the
basis of matrices, and are expected to restore the string picture in the limit of large
matrix dimension, as it had been in the old matrix model [4]. Once we have a
constructive definition of the theory, it is a natural step to look for a proper regu-
larization scheme in order to perform practical analysis. As we have experienced in
the course of developing QCD, lattice regularization is the most powerful method
for extending the analysis into all regions of the coupling strength. Understanding
quantum gravity in terms of superstrings is commonly recognized as being essen-
tially non-perturbative. In fact, several efforts to construct superstring theory on
a lattice have been tried [5, 6]. In those studies the Green-Schwarz superstring ac-
tion was discretized while maintaining the local supersymmetry. The problem in
those descriptions is that the local κ-symmetry is not explicitly fulfilled, and it is
expected to recover only in a suitable continuum limit. In the recent constructive
formulation of superstring based on the type IIB model, the redundant fermionic
degrees are removed by a special choice of fermionic pairs in accordance with the
local κ-symmetry. The action of type IIB matrix model is then expressed in the
semi-classical (i.e. large matrix size) limit by
S =
∫
d2σ
√
g
[
1
4
{Xµ, Xν}2 − i
2
θ¯Γµ{Xµ, θ}+ λ
]
, (1)
where the Poisson brackets { , } are defined by
{X, Y } ≡ 1√
g
ǫab∂aX∂bY. (2)
Here, Xµ (µ = 1, 2, · · · , d) are the d-dimensional space-time coordinates, and θA
(A = 1, 2, · · ·, N) are N sets of the anti-commuting spinor coordinates. Also, g
is the absolute value of the determinant of world-sheet metric (gab), and ǫ
ab is an
anti-symmetric tensor. The N = 2 supersymmetry manifests itself in S under{
δ(1)Xµ = iǫ¯1Γ
µθ
δ(1)θ = −1
2
{Xµ, Xν}Γµνǫ1,
{
δ(2)Xµ = 0
δ(2)θ = ǫ2,
(3)
where Γµν is an antisymmetric tensor defined by Γµν = 1
2
[Γµ,Γν ].
In order to obtain the discretized action corresponding to S, we perform triangu-
lations of world-sheet by equilateral triangles with side length a. The action is a sum
over contributions from each triangle with three vertices i, j and k: S =
∑
〈ijk〉 S
〈ijk〉.
On each triangle both bosonic and fermionic fields are approximated by linear func-
tions of local world-sheet coordinates (σ1, σ2). Since the Poisson brackets on each
1
triangle are constant for linearly approximated fields, the integral over a triangle
can be trivially carried out and the discretized action is obtained as
S = SB + SF ∼
∑
〈ijk〉
(
S
〈ijk〉
B + S
〈ijk〉
F
)
, (4)
where
S
〈ijk〉
B =
△
2
· 1
4
(
{Xµ, Xν}〈ijk〉
)2
(5)
=
1
4△
[
−1
4
{(X2ij)2 + (X2jk)2 + (X2ki)2}+
1
2
{X2ijX2jk +X2jkX2ki +X2kiX2ij}
]
,
S
〈ijk〉
F =
△
2
[
− i
4
θ¯〈ijk〉Γ
µ{Xµ, θ}〈ijk〉 − i
4
{θ¯, Xµ}〈ijk〉Γµθ〈ijk〉
]
(6)
=
1
4△
[
−△
3
{Ωij ·(Xjk−Xki) + Ωjk ·(Xki−Xij) + Ωki ·(Xij−Xjk)}
]
,
θ〈ijk〉 = 13(θi+θj+θk) is the average strength of fermionic field for the triangle 〈ijk〉,
and we denote Xµij ≡ Xµi −Xµj and Ωµij ≡ i2(θ¯iΓµθj − θ¯jΓµθi). Here, Xµi and θi are
bosonic and fermionic fields on a vertex i, respectively, and △ is twice the area of
elementary triangle, i.e. △ =
√
3
2
a2. The discretized Poisson brackets are written as
{A,B}〈ijk〉 ≡ 1△fijk(AjkBki −BjkAki)
=
2
△fijk(AijB〈ij〉 + AjkB〈jk〉 + AkiB〈ki〉), (7)
where
fijk =
{
+1 (i, j, k) counter clockwise
−1 (i, j, k) clockwise, (8)
and where the symmetric pair field is defined as A〈ij〉 = 12(Ai +Aj). The statistical
property of the surface generated by the discretized bosonic action was studied
previously in [7], while the fermionic part was proposed in [5] separately. To show
the N = 2 supersymmetry, we needed to rewrite the transformation so as to be valid
in a discretized world-sheet. Straightforward discretization of eq. (3) leads to
{
δ(1)X
µ
i = iǫ¯1Γ
µθi
δ(1)θ〈ijk〉 = −12{Xµ, Xν}〈ijk〉Γµνǫ1,
{
δ(2)X
µ
i = 0
δ(2)θi = ǫ2.
(9)
We note that the Poisson bracket is constant on each triangle, and thus the variation
of the fermionic field δ(1)θ〈ijk〉 is also defined on the triangle. Let us first consider the
2
invariance under δ(2), where δ(2)SB and δ
(2)SF vanish trivially. Next, the variation
caused by ǫ1 are calculated as
δ(1)SB =
i
2△
∑
〈ijk〉
f 2ijk
[
ǫ¯1Γµθjk
{
X
µ
jkX
2
ki −Xµki(Xjk ·Xki)
}
− ǫ¯1Γµθki
{
X
µ
kiX
2
jk −Xµjk(Xjk ·Xki)
}]
, (10)
δ(1)SF = − i
2△
∑
〈ijk〉
f 2ijk
[
ǫ¯1Γµθjk
{
X
µ
jkX
2
ki −Xµki(Xjk ·Xki)
}
− ǫ¯1Γµθki
{
X
µ
kiX
2
jk −Xµjk(Xjk ·Xki)
}]
− 1
12
∑
〈ijk〉
ǫ¯1Γµθ[ iθ¯jΓ
µθk ]. (11)
For the first term in δ(1)SF , the relationships,
n−1∑
k = 0
closed loop (i0 = in)
X
µ
ik ik+1
= 0, 3δ(1)θ〈ijk〉 = 2δ
(1)θ〈ij〉 + δ
(1)θk, (12)
guarantee “integration by parts” in the discretized form. The first term of the δ(1)SF
in eq. (11) is canceled out by the δ(1)SB shown in eq. (10). Remainder of δ
(1)S is
written as
δ(1)S = − 1
12
∑
〈ijk〉
ǫ¯1Γµθ[ iθ¯jΓ
µθk ]. (13)
This δ(1)S vanishes in the cases of D = 3, 4, 6 or 10 by making use of properties of
Γ matrices. For the local supersymmetry, we must pay attention to the one-to-one
correspondence between the variations of the fermionic variables on the triangles
and on the vertices. For this purpose we have checked whether there exist N0
independent relations among the N2 = 2(N0 − χ) equations,
δ(1)θ〈ijk〉 =
1
3
(
δ(1)θi + δ
(1)θj + δ
(1)θk
)
, (14)
for sufficiently large surfaces with the Euler characteristic χ. In order to count how
many independent relations exist among the N2 relations, we compute numerically
orthonormal vectors with N0 components by Schmidt’s method. For most of the
large N0 configurations except those which have very high spacial symmetry, there
exist N0 orthonormal vectors, and thus there mostly exists the one-to-one correspon-
dence between triangles and vertices for sufficiently large surfaces. For configurations
with extra space symmetry, for example the discrete rotational symmetry, however,
the number of orthonormal vectors becomes less than N0. Because these configura-
tions are expected to have degeneracy, we need to include the symmetry factor in
3
X0:(0,0,...,0)
X3:(x1,x2,...,xd)
X1:(x,0,...,0)
X2:(y,z,0,...,0)
d
Figure 1: Tetrahedron.
the integration measure, or extra factor to insure the detailed balance in numerical
simulations.
Quantization is carried out by the standard path-integral method. The integra-
tion over
√
g is interpreted as the sum over dynamical triangulations. For the type
IIB supersring, the discretized partition function with a fixed number of vertices is
given by
Z(N0) =
∑
triangulation T
1
S(T )
∫ N0−1∏
i=0
dXidθ¯idθie
−SB−SF δ(X0)δ(θ¯0)δ(θ0), (15)
where S(T ) is the symmetry factor of the triangulation (T ) to take into account the
degeneracy. It is noticed that the modes associated with the translational invariance
of the action for bosonic fields and the δ(2) supersymmetry for fermionic variables
have been eliminated by fixing at zero for variables on i = 0 vertex. In the following
we consider the case of a tetrahedron world-sheet, which corresponds to the smallest
tree diagram. In this case the triangulation is unique, since a configuration with
four vertices is only a tetrahedron in our convention of not allowing tadpoles and
self-energies. By fixing the vertex X0 at the origin and the triangle 〈012〉 on the x-z
plane as shown in Fig. 1, their integration measures are defined by
dX1 = x
d−1dxdΩd−1,
dX2 = dyz
d−2dzΩd−2, (16)
dX3 =
d∏
i=1
dxi .
4
By integrating the fermionic coordinates out,∗ the partition function is given by
Z(4) ∝
∫ ∞
0
xd−1zd−2dxdz
∫ ∞
−∞
dy
3∏
i=1
dxi
[
(x23 + · · ·+ x2d)x2z2
] k
2
e−SB , (17)
where
SB ∼= x2z2 + (zx1 − yx2)2 + x22x2 + {(y − x)x2 − (x1 − x)z}2
+ 2(x23 + · · ·+ x2d){x2 + y2 + z2 − xy}, (18)
and Γµ are k × k matrices. Integrating over xi and y, and defining X2 = x2z2 and
tan θ = 2√
3
∣∣∣ z
x
∣∣∣,
Z(4) ∝
∫ ∞
0
dX|X| 12 (d+k−2)e− 43X2
∫ pi
2
0
dθ(cos θ)
1
2
(d+k−4)(sin θ)
1
2
(d+k−6). (19)
From eq. (19), the partition function of the tetrahedron is found to be finite for
d + k ≥ 5. Thus, it shows that the fermion suppress the divergence. However, in
this case, even the partition function of the bosonic string becomes finite when d ≥ 5.
We have checked numerically that fluctuation of the mean square distance from the
center of mass diverges like the random walk for d ≤ 4 cases while it converges for
d ≥ 5 cases.
However, this is not so simple for larger size configurations. In fact, we have
found numerically that the partition function of the bosonic string shows the spike
singularity [7] for large N0 in the case of d = 5. We have calculated the coordination
number distributions PN0(q) for the d = 5 case which is shown by the dotted line
in Fig. 2. We observe the zigzag structure where at the coordination number q = 3
and at even q values for q ≥ 6 it shows peaks and at q = 4 and at odd q values for
q ≥ 5 it shows valleys. When we pick up even coordination numbers and calculate
P˜N0(q) =
1
N˜0
N0∑
i
δ2q, qi for q ≥ 3, (20)
where N˜0 =
∑∞
q=3
∑N0
i δ2q, qi, and qi denotes the coordination number of vertex i,
we obtain the distribution shown by the dashed line in Fig. 2. It is similar to the
distribution for pure gravity [8], as shown by the solid line. From this result, we
can imagine that the configurations of the bosonic string are something like the one
illustrated in Fig. 3. The solid lines in Fig. 3 are expected to describe almost like the
same configuration as the pure gravity case. If the fields on vertices around a vertex
i with coordination number qi = 3 shrink into a point, its area becomes zero for any
∗ We use the relation,
det (aµbνcρΓµνρ) =
[−a2b2c2 + (a·b)2c2 + (b·c)2a2 + (c·a)2b2 − 2(a·b)(b·c)(c·a)]k2 ,
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Figure 2: Dotted line and dashed line representing the experimental coordination
number distributions, PN0(q) and P˜N0(q), respectively, for d = 5 and N0 = 2000
case. The solid line denotes the theoretical solution for pure gravity [8].
Figure 3: Typical spike configuration in terms of the world-sheet.
6
values of Xµi . Thus, we expect even for the case of d > 5, the partition function
diverges for a large N0 system. In order to avoid these divergences, we should
consider the superstrings, because it is expected that these diverges are caused by
tachyons of the bosonic fields, and it will be suppressed by the contribution of
fermionic fields of superstrings.
In conclusion, among several possible models of superstrings, we have considered
the type IIB superstrings. We have proposed the discretized type IIB superstring
action, and have shown that it is invariant under the local N = 2 super transforma-
tions. In the Green-Schwarz superstring action, there contains a topological term
for the local κ-symmetry in order to separate the extra fermionic degree of freedom.
Existence of the topological term makes it difficult to discretize the Green-Schwarz
superstring. On the other hand, in the type IIB superstring which we have employed,
the action has no extra fermionic degree, which has been essential in the numerical
study. The partition function for the tetrahedron configuration of the world-sheet
has shown that effects of the fermionic fields indeed suppress the divergence, and
suggest that it also make the surface smooth for large systems. For further stud-
ies, we need to find a powerful method which provide a method to calculate the
fermionic determinant quickly for a larger system.
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